Introduction
The phase behaviour of hard particles has received much attention. One of the questions is whether hard sphere mixtures can have more than one disordered phase. Motivated by this interest, Van Duijneveldt and Lekkerkerker 1, 2] studied a two-dimensional lattice model introduced by Frenkel and Louis 3]. It consists of hard hexagons and hard points on a triangular lattice, see Figure 1 . When the points are omitted, one regains the hard hexagon model, which was solved exactly by Baxter 4, 5]; it has a continuous ordering transition. Van Duijneveldt and Lekkerkerker studied the binary model by means of Monte Carlo simulation. They found three phases: dilute disordered (gas), dense disordered (liquid), and ordered (solid). Figure 2 shows this phase diagram, represented in terms of the fugacities z 1 
This is an example of Widom's famous particleinsertion formula 6].
Transfer matrix approach
The model can also be studied through its row-to-row transfer matrix. For practical reasons, we work with sawtooth rows as shown in Figure 3 . One of the advantages is that the transfer matrix can conveniently be built up by repeatedly adding one site, as in Fig The largest few eigenvalues of the transfer matrix (in the zero-momentum sector) were calculated numerically for N = 1; : : : ; 5, using the power method. In the ordered regime there are in fact three coexisting ordered phases, corresponding to the three sub-lattices of the triangular lattice. They give rise to three eigenvectors of the transfer matrix, dominated by these ordered phases: one symmetric and two antisymmetric combinations. This (anti)symmetry is not exact, because in a sawtooth row the three sublattices are not equivalent. The symmetric vector belongs to the largest eigenvalue 0 . The antisymmetric vectors belong to a complex eigenvalue M and its complex conjugate. In the region of the phase diagram we are interested in, 0 , M and its complex conjugate, together with another real eigenvalue T , turn out to be the largest eigenvalues of the transfer matrix.
The phase behaviour can be diagnosed from the behaviour of the gaps between the eigenvalues, log j 0 = M j and log j 0 = T j, with system size L. At a critical point, these gaps decrease as L ?1 as L ! 1.
At a rst order phase transition, the gaps that play a role decay exponentially with L. Therefore it is convenient to consider the scaled gaps L log j 0 = M j and L log j 0 = T j.
We shall now distinguish between two scenarios: (i) there are two phases ( uid and solid) as in Figure 5 ; (ii) there are three phases (gas, liquid and solid) as in Figure 6 . The gaps should behave as follows. At xed z 2 , the scaled gap L log j 0 = M j decreases with increasing z 1 , whereas L log j 0 = T j has a minimum at the phase transition(s). For low z 2 , see the lower dashed lines in Figures 5 and 6 , the scaled gaps will tend to a nite value when L ! 1 at the critical line. found. Thus the data support the two-phase rather than the three-phase scenario. By introducing an extra parameter into the model the three-phase scenario can be obtained. Assign a weight to every lattice edge joining a point and an empty site. For = 1 one regains the original model, for close to zero the model can be shown to follow the three-phase scenario. In the latter case L log j 0 = T j is indeed found to have two minima, see Figure 13 . This supports our interpretation of the absence of a second minimum in L log j 0 = T j as evidence against the three-phase scenario.
Conclusion
The results of our transfer matrix calculations provide evidence against the three-phase scenario of Figure 6 , but are in agreement with the two-phase sce- On the one hand, it is conceivable that in predicting whether there is a gas-liquid transition, their method is very sensitive to small variations in the function 0 . Thus the Monte Carlo results might not be adequate to get hold of this function. On the other hand, for our transfer matrix calculations we have been working only with very small system sizes. By going to larger systems more de nitive conclusions might be drawn. 
